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1. INTRODUCTION 
Transient isothermal compressible gas flow in porous media arises, e.g., in conjunction with 
compressed air energy storage and gas storage in aquifers and in other underground porous 
reservoirs [1]. 
Based on Darcy's law, transient compressible gas flow in porous media is described by a non- 
linear diffusion type partial differential equation [2,3]. The solutions of this equation are, usually, 
purely numerical, e.g., [1]. For a single well located in an infinite reservoir, there exists a self- 
similar solution [2]. 
The main idea is to employ eigenfunctions expansions in order to reduce the governing nonlinear 
partial differential equation to an infinite system of first-order ordinary differential equations with 
given initial conditions. The latter system of equations can be solved by employing standard 
numerical packages for the solution of initial value ordinary differential equations. 
2. ANALYS IS  
Consider an isothermal flow of a compressible ideal gas in a homogeneous i otropic porous 
medium. The equation of continuity, Darcy's law, and the equation of state for an ideal gas, 
respectively, are given by 
10p(r, T) 
¢ Or 
- -  + 9" [p(r, T)v(r, T)] ---- O, (i) 
v( r , r )  = -kgp( r , r ) ,  (2) 
P 
P = pRT, (3) 
The help of E. Moses in the numerical solution of the example is gratefully acknowledged. 
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where v, P, p, T, v, r, #, k, ¢, and R denote time, pressure, density, temperature, specific 
velocity, position vector, dynamic viscosity, permeability, porosity, and gas constant, respectively. 
Introducing (2) and (3) into (1) yields 
Defining 
OP(r, r) = V2p2(r, T). (4) 
1 2 P vkePo ~7 2 - -~V , 
u =- Po' t =- 2~L------ Y ,
where P0 and L are reference pressure and length, respectively, the following dimensionless non- 
linear porous media equation is obtained: 
Ou(r , t )  _-- V2u2( r  , t ) ,  in R, for t > 0. (5) & 
A solution of (5) is sought, given the initial and linear homogeneous boundary conditions, which 
represent a combination of either known inflow conditions or impenetrable walls 
u(r, t) = u0(r), at t = 0. (6) 
C10u(r, t) + C2u(r, t) = 0, on boundary Si, (7) 
where ~ denotes differentiation along the outward-drawn normal at the boundary surface Si. 
Assume a solution in the form 
CO 
u(r, t) = Z ¢~(rlr ,(t) ,  
n~0 
with ¢(r) satisfying the following eigenvalue problem: 
where A is a constant. 
(8) 
V2¢(r) + ~2¢(r) = o, (g) 
c 0¢(r~) 1 ~  + C2¢(ri) -- 0, on boundary Si, (10) 
The Helmholtz equation (9), generally, in three space variables, may be 
solved by separation of variables, provided that its separation into a set of ordinary equations i  
possible. Such a separation is known in eleven orthogonal coordinate systems. In general, the 
eigenfunctions ¢(An, r) depend on three space variables, and satisfy the following orthogonality 
condition: 
f [ 0, if m ~ n, 
¢(An,r)¢(Am,r)wdv (11) JR fR[¢(An,r)]2wdv, if re=n,  
with w denoting a weight function. Introducing equation (8) into (5) and rearranging yields 
,b,~--~-- ¢,,r. = 0. (12) 
CO We aim at obtaining a representation ~nffi0 Cn [ ] = 0, where the brackets contain an expres- 
sion which depends on time only. To this end, manipulate the second term of equation (12) in 
the following way: 
V 2 F = V 2 n n k n -kFkFn-k  
oo  n oo  
=~ ~ [(v'ck) ¢~-k+(V'e.-k) ¢k + 2VVkVC~-~] r~r . _~=~ S.(r,t), 
n----O k--O n---O 
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where 
n 
fn(r,t) = E [(v2¢k) ¢ . -k  + (V2¢n-k) Ck + 2V¢~VCn-k] rkrn_~. (14) 
k=0 
Next, expand fn(r, t) in terms of the eigenfunetions to yield 
co 
In(r, t) = E Fn,(t)~,(r). (15) 
i=O 
The functions Fni(t) are defined by invoking the orthogonality properties of the eigenfunctions 
where 
Thus, 
fn fn(r, tfipi(r)w dv 
fR ¢i(r) 2w dv 
= ~ [fn [(V2¢k)¢n-k + (V2Cn-k)¢k + 2V¢kVCn-k] ¢i wdv] 
n 
= ~ Cni~rkrn-k, 
k=0 
f n ¢~w dv 
V ~ CnFn = Fni(t)~i(r). 
n=O i~O 
Fn~(t)  = 
(16) 
(17) 
(18) 
Changing indices n and i in the RHS term of equation (18) and reversing the summations gives 
V 2 CnFn = Fin(t)¢,(r) = Cn(r) Fin(t). (19) 
n=O i-----0 n~-0 i=0 
Therefore, equation (12), after rearrangement, can be recast in the form 
y~¢.(r) -~/-- F~n(t) =0. (2O) 
n-----0 
Since, in general, Cn(r) are not zero, we must have 
drn _ 
dt Fin(t) = 0, n = 0, 1,... (21) 
i=0  
or  
dFn co 
at ~C, ,k rk r , _k=0,  ,=0,1,. . . .  (22) 
i----0 k~-0 
The initial condition is obtained from (6), namely 
oo 
u(r, O) = u0(r) = E Cn(r)r~(o). (23) 
n----O 
Operating with fn Cm(r)w dv on both sides of (23) and utilizing the orthogonality properties of 
the eigenfunctions yields 
rn(0) -- fR u0(r)¢n(r)w dv n = 0,1 , . . . .  (24) 
fn ¢~(r)w dv ' 
Equations (22) constitute an infinite system of nonlinear ordinary differential equations. For 
practical computations, this system is truncated to a finite number of equations, say, N. These 
equations ubject to initial conditions (24) can now be solved by standard packages for the 
numerical solution of systems of ordinary differential equations. 
REMARK. Should boundary condition (7) be a linear nonhomogeneous one, the derivation of the 
solution would slightly change. 
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3. EXAMPLE 
Let us consider the following one-dimensional time-dependent example: 
O't/, ~2'U2 
fo r t>0,  in0<x<l ,  
Ot Ox 2 ' 
u=100,  a t t=0,  0<x<l ,  
Ou 
Ox O, at x O, t > O, 
u=0,  a tx=l ,  t>0.  
(25) 
(26) 
(27) 
(28) 
The solution is given by 
where 
OO 
u(x, t) = ~ ¢.(x)rn(t), 
Cn(x) = cosSnx, D, = (2n + 1)2 , 
and Fn(t) is obtained from the solution of (22), with 
n=0,1 , . . . ,  
(29) 
(30) 
~-~[ 1 2 2 )] sin (flk -- 8,-k -- 8n) 
C~,,k = &~-k  - ~ (Sk  + ~;-k ~k - ~-k - ~,~ 
k=O 
[ 1 ] sin(~k--~i-k-t- ~n) 
+ z~z,-k - ~ (z~, + z?_k) 8,, - 8,-~ + 8 .  
[ 1 ] sin (/~k + 8,-k --/~n) 
[ 1 ] sin (8k +/3,-k +/~n) 
- z~z,_. + ~ (z~ +8,=_.) z.  + z,_~ + z .  , 
(31) 
and 
r.(0) s inZ.  
=Z fin ' n=0,1 , . . . .  
100 
80 t I \ ~  1 0.8 
t I - - - - t -  06 
-~ 60-1-1 '~ ._  JF 0.4 I,g 
= o+1 +o. E 
~ 40 -t-I ~"~-~t- 0 "~ 
20 "~ ...... Numerical 1" .0"4 - 
lo 11 E,'ror 1--06 
O I I I 1-0.8 
0 0.002 0.004 0.006 
Time 
Figure 1. Comparison of pressure histories at the point x = 0.5 obtained by eigen- 
function expansions and by a numerical solution using FLUENT. 
(32) 
The current example was solved by both the noted analytical method and a numerical finite 
volume scheme. For the latter, the FLUENT code was used. This is a general purpose commercial 
code for the solution of transport equations (fluid dynamics and heat and mass transfer). A two- 
dimensional problem was solved by FLUENT, where symmetry conditions were assumed in one 
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direction, leading actually to a time-dependent problem in a single space dimension. Figure 1 
shows a comparison between analytical (thin bold line) and numerical (dotted line) solutions 
of the pressure histories at the point x = 0.5. All variables are dimensionless. The analytical 
solution was obtained with a 100 terms in the series, invoking subroutine DIVPRK from the 
IMSL library for the integration of the ordinary differential equations. The numerical solution 
was obtained with 5000 cells. 
The absolute error between these solutions is represented by the thick bold line (see right 
ordinate). The excellent agreement between these solutions can be realized. 
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